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We study the dynamis of the transmission of the hanta virus infetion among mouse populations,
taking into aount, simultaneously, seasonal variations of the environment and interations within
two lasses in the mouse population: adults and subadults. The interations onsidered are not
symmetri between the two age-organized lasses and are responsible for driving the younger
members away from home ranges. We onsider the ase of a bounded habitat aeted by seasonal
variations.
PACS numbers: 87.10.Ed, 87.23.C
INTRODUCTION
Theoretial investigations of population dynamis of
animals suh as mie or other rodents derive their urrent
importane both from their diret relevane to the spread
of epidemis suh as the Hantavirus [1, 2, 3, 4, 5℄ but also
from the interplay of the approahes of physis and eol-
ogy that suh investigations enourage [6, 7, 8, 9, 10℄.
Our interest in the present paper is on prevalent ef-
fets of the ompetitive interation among adults and
subadults among rodent populations. Several eologial
studies have shown the importane of suh an interation
[11, 12℄. The interation an be studied by onsidering
an age-strutured population of mie, i.e., by splitting
the population into lasses organized by age. There is
ompetitive struggle for territory assoiated with the fat
that the ourrene of infeted ases of several types of
Hantavirus is mostly observed among adult individuals.
This, in turn, is related to the proposed mehanism of
infetion among rodents: territorial ghts that produe
wounds on the animals as a tangible and veriable onse-
quene. The subadult population, onsisting of smaller-
sized individuals, tends to maintain its distane from the
ghts, and is thus less suseptible to infetion. The eet
of remaining not too lose to the soure of the ghts, viz.,
the adult population, subadult individuals are fored to
abandon the already olonized spaes and are therefore
driven to new habitats, most of the time less suitable for
survival.
We propose here a model onsidering an age-strutured
population omposed by the two well dierentiated
groups we have mentioned above: subadults and adults.
A third group, omposed by juvenile individuals may be
taken into aount but will be left out of our alulations
as relatively unimportant.
Like previous models [2, 3, 4, 5℄, ours is based on a set
of Fisher-like equations [13℄ to desribe the evolution of
the population of individuals of eah group whose densi-
ties we will respetively denote byMa andMy. Here, the
sux a stands for adults and the sux y for the young
individuals, the subadults.
THE MODEL
The spei set of equations in our model would be, in
the absene of territorial interations,
∂Ma
∂t
= Da∇2Ma + µMy − δMa − MaM
K(t)
,
(1)
∂My
∂t
= Dy∇2My + βMa − µMy − MyM
K(t)
.
Here we are onsidering dierent diusion oeients Da
and Dy for the adults and the subadults, to take into
aount the fat that adult individuals tend to remain
in a rather bounded area, onsidered as eah individual
territory, while the subadults tend to move further and
probably faster. One would therefore expet Da < Dy.
The term in eah of the above equations whih is assoi-
ated with the ompetition for resoures, is haraterized
by what is alled the environmental parameter K and is
proportional to the so-alled arrying apaity. We will
take K to be time dependent beause of seasonal vari-
ations. We denote the total population of the mie by
M = Ma + My. The rate µ is one of transformation
of subadults into adults through the proess of matu-
rity, thus is proportional to the subadult population and
appears with reversed sign in the two equations. The
subadults are born from the adults at β, the birth rate.
Death of the adults ours at rate δ and we have omitted
it from the subadult population equation for simpliity
2and to reet the simplifying assumption that natural
death visits only the adults. If predators were introdued
into our onsiderations dierent rates might be put into
the equations inluding a death rate for the subadults.
In this work we propose to modify the above set of
equations to take into aount the eologially impor-
tant experimental observation related to territorial ghts.
Due to ompetition for the onquest and preservation of
the home range, adult mie tend to ght among them-
selves. Indeed, these ghts have been suspeted to on-
stitute one of the most important ways of transmission
of the Hantavirus among rodents of the same speies.
As a result of these territorial threats of the adults, the
subadults, being smaller in size, are fored to abandon
already olonized environments and move towards uno-
upied spaes. There are at least two dierent ways to
inlude this tendeny into the equation. To take into
aount the fat that subadults will tend to move away
from plaes with high adult oupation, we may assume
the subadult ux to be proportional to the gradient of the
adult population, ∇Ma; at the same time, no subadult
ux is possible in the absene of young individuals. Thus,
the interation term should be proportional to the pop-
ulation of the subadults My as well as to the adult gra-
dient. The resulting set of equations is
dMa
dt
= Da∇2Ma + µMy − δMa − MaM
K(t)
(2)
dMy
dt
= Dy∇2My + βMa − µMy − MyM
K(t)
+κ∇(My∇Ma)
with κ a onstant that determines the strength of the
interation.
The other manner that young individuals might tend
to get away from populated areas is by reating a ux of
their own lass whih is proportional to the loal density
of the other lass, i.e., the adult. Under these onditions
we will have
dMa
dt
= Da∇2Ma + µMy − δMa − MaM
K(t)
(3)
dMy
dt
= Dy∇2My + βMa − µMy − MyM
K(t)
+κ∇(Ma∇My).
Comparison of the two new interation expressions,
∇(My∇Ma) = (∇Ma)(∇My) +My∇2Ma
and
∇(Ma∇My) = (∇Ma)(∇My) +Ma∇2My
shows that they share a ommon term proportional to the
gradient of eah of the lasses and another term whih
in one ase is proportional to the density of subadult
population and the Laplaian of the adult population and
in the other ase the situation is preisely reversed.
In both ases there is a homogeneous nontrivial non-
negative steady state solution, for Eqs. (1), (2) or (3)
that an be written in terms of the parameters of the
problem β, δ, µ and K, and is independent of the inter-
ation strength κ:
M0a =
K
2(β − δ) (δ(δ +A) + µ(2β − µ+A))
M0y =
K
2(β − δ) [(µ(δ − µ+A)
−β(δ + 3µ−A))] (4)
where A =
√
δ2 + 4βµ− 2 δµ+ µ2. In the following se-
tion we will study Eqs.(2)and (3), i.e. we will analyze
the eets of eah of the new terms separately.
We are interested in eets of temporal or seasonal
hanges in the environment. These hanges will be re-
eted in a hange in the arrying apaity of the habi-
tat. Therefore, we will onsider a varying K. The ability
of a given speies to adapt to a hanging environment
is related to their mobility as well as to other quantities
suh as the birth and death rates. One way to hara-
terize the mobility is by onsidering the so-alled Fisher
veloity of the speies assoiated with traveling environ-
ments whih an naturally arise as the seasons hange.
When favorable onditions move in spae and time, it is
important to nd out how the population an or annot
follow them, and whether there are ritial veloities of
the traveling environment whih separate parameters re-
gions in whih the speies survive or undergo extintion.
To failitate the subsequent disussion we introdue the
onept of a refugium, a bounded domain with a high
arrying apaity. The population of a given speies an
live within this region. Outside the refugium, the living
onditions are too harsh for the speies to survive.
STATIC REFUGIUM
When no temporal variations of the refugium are on-
sidered, we nd stationary proles for both populations
whih dier from those previously found when onsider-
ing Fisher-like oupled equations. In Figs.1 we display
the proles of both populations in three ases. All pa-
rameters of the problem are the same in all ases, with
the exeption of κ whih is 0 in (a) but, in arbitrary units,
10 in (b) and ().
We an see that while the prole of the adult density
Ma remains almost unhanged in the presene of inter-
ations, that of the subadult density My presents inter-
esting eets. Sine the interations tend to drive the
subadults away from the adults, in both ases there is an
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FIG. 1: Steady state proles of Ma (solid)and My (dashed)in
a bounded domain. The plots orrespond to the solution to
(a) Eqs.(1), (b) Eqs.(2), () Eqs.(3). Case (a) represents no
interation whereas ases (b) and () desribe the two dier-
ent interations onsidered (see text). Parameters (arbitrary
units) are β = 4, µ = 0.4, δ = 0, κ = 10. Additionally the
environment parameter K is 10−4 (pratially zero) outside
and 9 inside the refugium.
inrease of the number of individuals at the borders of the
refugium. The eet of the interation term is more evi-
dent in regions where the gradient of Ma is greater. This
fat explains the shoulder on the prole of My in Fig.
1.b. On the other side, the prole in Fig. 1. presents
the smoothest shape, onsistent with a greater eetive
diusion oeient.
The interation term aets not only the shape of the
prole of both population but also the maximum values
attained by the population inside the refugium. We note
that the solutions in Eq.(4), where κ plays no role, orre-
spond to innite domains. When bounded domains are
onsidered, Da, Dy, as well as κ and the domain size,
aet the maximum value of the population. We plotted
In Fig. 2 the behavior of the maximum attained by My,
Mmaxy , for a given size of the refugium and onstant dif-
fusion oeients as a funtion of the values of κ. The
population of subadults undergoes an overall deay as κ
inreases. The urves in Fig. (2) were tted with deay-
ing exponentials. A mono-exponential t works in eah
ase.
An interesting eet is the possibility of maintaining
a subadult population loalized when it is bounded by a
population of adults as if they were forming a well on-
ning the younger mie. As the interation terms pre-
vent the population of subadults from moving towards
an inreasing gradient of adults, the subadult population
remains loalized until the population of adults has de-
reased suiently (by diusion) to reah a state in whih
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FIG. 2: Maximum value of the subadult mouse population
My as a funtion of the strength κ of the interation between
subadults and adults from Eqs. (2) (full irle, solid line ) and
Eqs. (3) (empty irle, dashed line). The urves are the result
of exponential tting of the solutions obtained numerially.
diusion and interation in the subadult population an
ompete and deloalize the nuleus of subadults.
TRAVELING REFUGIUM
Consider now a traveling refugium of onstant size.
This will allow us to test the ability of the population to
survive while following the moving environment. We will
nd the ritial veloity of the refugium vc, above whih
survival is no longer possible. Fig. 3 displays the hanges
in the fronts as the refugium starts to move in eah of
the three ases.
Again, while the prole of Ma (adults) remains almost
unhanged, the prole of My (subadults) shows some ef-
fets. Both interations (expressed in Eqs. 2 and 3 tend
to maintain the symmetry of the distribution of the pop-
ulation despite the translational movement; the eet of
Eqs. 3 is with stronger intensity as it strongly biases the
population ontrary to the movement.
When onsidering only one speies and the Fisher
equation, the ritial veloity is given by the Fisher ve-
loity vf =
√
Da, with D the diusion onstant and a the
birth rate. When dealing with a set of oupled equations
it is still possible to show that there is a ritial veloity,
assoiated losely with the ritial veloity of the slowest
speies.
If the new terms in Eqs.(2) and (3) are negleted to get
Eqs. (1), within the range of the values used for the pa-
rameter values of both populations, adult and subadult
densities an be shown to be of the same order through-
out the whole domain. The adult population would then
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FIG. 3: Steady state proles of Ma (solid)and My (dashed)in
a traveling bounded domain with veloity v = 1.3. The plots
orrespond to the solution to (a) Eqs.(1), (b) Eqs.(2), ()
Eqs.(3). With β = 4, µ = 0.4, δ = 0, κ = 10 and K = 9
inside the bubble. Parameters are in arbitrary units.
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FIG. 4: Critial veloity of the population (relative to the
Fisher veloity) as a funtion of κ from Eqs. (2) (full irle,
solid line ) and Eqs. (3) (empty irle, dashed line). The
urves are exponential tting of the data.
be desribed by
dMa
dt
= Da∇2Ma + µMa − δMa − M
2
a
K
. (5)
This would mean that we an assoiate a Fisher velo-
ity, vf =
√
Da(µ− δ) with the population Ma. While it
appears that a similar argument might be used for My,
this is not true beause the idea that both populations
are of the same order is no longer valid in that ase when
the veloity of the refugium is above the Fisher velo-
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FIG. 5: Limiting maximum values Mmax+y (squares) and
Mmax−y (irles). Full symbols orrespond to Eqs. (2) while
empty symbols orrespond to Eqs. (3). Curves are exponen-
tial ttings of the data
ity for Ma. The adults are slower than subadults. It
is therefore that the lower Fisher veloity appropriately
desribes the ritial situation. This explains the numer-
ial results that show that when onsidering Eqs(1), the
ritial veloity of the entire population vc is almost the
same as the ritial veloity that an be obtained from
Eq.(5).
We display in Fig. 4 interation eets on the ritial
veloity vc by plotting vc/vf (where vf is the Fisher ve-
loity of the adult mie in the absene of interations) as
a funtion of the interation strength κ for the two kinds
of interation. We nd that the numerial solutions may
be tted exellently by saturating exponentials. We ob-
serve that in both ases there is an inrease in vc as κ
inreases. The eet is muh more evident for Eq.2 as
was expeted from the shape presented by its prole in
Fig. 3b.
BREATHING REFUGIUM
Seasonal variations of the relevant parameters may or-
respond to the refugium being entered in a stati point
with its size hanging in an osillating way. We all this
ase a breathing refugium. To show the new features due
to the eet of the interation terms, we plot the maxi-
mum of the subadult densityMy as a funtion of time. If
there are no interations between subadults and adults,
the maximum suers negligible periodi variations. On
the other hand, in the presene of interations, the max-
imum osillates between two values displayed in Fig. 5
by squares and irles, respetively. We all these two
limiting maximum values Mmax+y and M
max−
y . The am-
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FIG. 6: Relative amplitude of the temporal osillations of the
maximum value of My(x, t) as a funtion of κ from Eqs. (2
)(full irle, solid line ) and Eqs. (3) (empty irle, dashed
line). The urves are exponential tting of the data.
0 50 100 150 200 250 300
-2
0
2
4
6
 
 
Space
[h℄
FIG. 7: Comparative intensity of eah eet on the border of
the moving front of subadult population. The eet assoi-
ated to Eqs. (2) is in solid line, while the one orresponding
to Eqs. (3) is in dashed line. The units are arbitrary
plitude of this variation inreases in a very apparent way
as κ grows. This is shown in Fig. 6, where we plot the
relative dierene α =
Mmax+
y
−Mmax−
y
M
max+
y
, whih is the ratio
of the dierene between the limiting maximum values
to the greater of these maximum values.
CONCLUSIONS
We have shown the emergene of some interesting ef-
fets due to the inlusion of interation among dier-
ent groups in a population. We have also ompared our
new results with those already known from simple Fisher
equations with no interations. Among the new ndings
are the hange in the shape of the steady and travel-
ing proles (Figs. 1 and 3), the inrease of the riti-
al veloity of the populations (Fig. 4) with interation
strength, and the osillatory behavior of the population
proles when seasonal hanges in the environment are
onsidered (Figs. 5 and 6). Some of these results an be
understood easily in the ontext of Fig. 3. When a trav-
eling refugium is onsidered, the steady fronts displayed
in Fig. 1 hange. The traveling prole are asymmetri,
showing a depletion of the onentration of individuals
at the head (right) of the front. In the presene of the
interation, the subadult population tends to move to-
wards areas less populated with adults. This explains
the hanges in the traveling proles presented by both
population in Figs. 3a and 3b. The eet of the term
in Eqs. 2 is stronger than that of the one onsidered in
Eqs.3. Indeed, we observe that not only the population
of subadults moves to the right in a more evident way but
the hange in the ritial veloity is also more intense.
The shape presented by the proles assoiated to eah
of the equations an be understood by qualitative ar-
guments. As mentioned before, a omparison of the two
new interation expressions, shows that they share a om-
mon term proportional to the gradient of eah of the
lasses ∇(Ma)(∇My). The other terms, My∇2Ma and
Ma∇2My respetively, promote a ux of the subadult
population towards less populated regions, i. e. to the
right of the traveling front. This explains the shift of
the prole of subadults. The dierene in the resulting
prole an be understood when analyzing the dierene
in intensity of eh term, as shown in Fig. 7, where we
ompare the intensity of eah of the eet when onsider-
ing a stationary prole. The osillations found when the
refugium is breathing are due to the fat that a system
desribed by any of the Eqs. (2) or (3) is muh more
sensitive to hanges in the size of the refugium, as an be
observed by the values displayed in Fig. 2, where with-
out loss of generality, only one size of the refugium was
analyzed.
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